This paper obtains solitons and other solutions to the perturbed RosenauKdVRLW equation that is used to model dispersive shallow water waves. This equation is taken with power law nonlinearity in this paper. There are several integration tools that are adopted to solve this equation. These are Kudryashov method, sine-cosine function method, G /G-expansion scheme and nally the exp-function approach. Solitons and other solutions are obtained along with several constraint conditions that naturally emerge from the structure of these solutions.
Introduction
There are several models describing the dynamics of shallow water waves that appear along lake shores and beaches [130] . These are Kortewegde Vries (KdV) equation [1, 21] , the Boussinesq equation, the Kawahara equation, the Peregrine equation or the BenjaminBona Mahoney equation that is also known as regularized longwave (RLW) equation and several others. However, there is a growing interest in addressing models that describe the dynamics of dispersive shallow water waves. A couple of these models are the RosenauKawahara equation, the RosenauKdV (RKdV) equation as well as the RosenauKdVRLW (RKdVRLW) equation. This paper describes the dynamics of shallow water waves with RKdVRLW equation. In order to keep it on a generalized setting, this model is studied with power law nonlinearity so that results of all special cases are immediate from the ones reported in this paper.
Integrability aspects, conservation laws and perturbation theory are of general interest for such models. This paper addresses the issue of integrability for RKdV RLW equation with power law nonlinearity in presence of perturbation terms. However, results for conservation laws and soliton perturbation theory are all reported earlier [1619] . There are several algorithms for integration that will be adopted in this paper. These are Kudryashov method, sine-cosine function approach, G /G-expansion scheme, and nally the exp-function method. Solitary wave solutions and singular periodic solutions are obtained in this paper. These are described in detail in the next few sections. The results of these methods appear with necessary constraint conditions that are listed corresponding to the solutions.
Governing equation
The perturbed RKdVRLW equation under study is given by [1719] :
where R represents the perturbation terms which are given by R = αu + βu xx + γu x u xx + δu m u x + λuu xxx +νuu x u xx + σu 3 x + ξu x u xxxx + ηu xx u xxx +ρu xxxx + ψu xxxxx + κuu xxxxx .
(2) From (2), the shoaling eect is captured by α, while β introduces dissipation. Higher-order nonlinear dispersion is indicated by the coecient of δ. Fifth-order spatial dispersion is given by the coecient of ψ, while higherorder stabilization is introduced by ρ. The rest of the terms are accounted for by the Whitham hierarchy.
The exact 1-soliton solution of Eq. (1) is given by [1719] : (4) and the inverse width B is
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The speed of the dispersive solitary wave is
or (1577)
The appropriate constraints are
and
for the solitary waves to exist.
Kudryashov method
The modication of truncated expansion method, which is a direct and eective algebraic method for computing exact traveling wave solutions, was rst proposed by Kudryashov [4] . The modication of truncated expansion method that is known as the Kudryashov method is one of the most eective methods for nding the exact solution of high order NLPDEs [4] . The most complete description of this method was given in [5] . The successful application of this method to NLPDEs was performed in works [69] .
3.1. Brief description of the method Let us present the algorithm of modication of truncated expansion method (the Kudryashov method) for nding exact solutions of nonlinear PDEs. We consider the nonlinear PDE in the following form:
(11) Using traveling wave u(x, t) = U (z), z = x − vt carries Eq. (11) into the following ordinary dierential equation (ODE):
(12) The Kudryashov method contains the following steps.
Step-1: We look for exact solution of Eq. (12) in the form
where c l (l = 0, 1, . . . , N ) are constants to be determined later, such that c N = 0, while G(z) has the form
a solution to the Riccati equation
where K is an arbitrary constant.
Step-2: We determine the positive integer N in Eq. (13) by considering the homogeneous balance between the highest order derivatives and the nonlinear terms in Eq. (12).
Step-3: We substitute Eq. (13) into Eq. (12), and calculate all the necessary derivatives U z , U zz , . . . of the unknown function U (z) as follows:
and so on. Substituting Eqs. (13), (16) and (17) into Eq. (12), we obtain the polynomial
Step-4: Collecting all the terms of the same powers of the function G(z) in the polynomial (18) and equating them to zero, we obtain a system of algebraic equations which can be solved by computer programs such as Maple and Mathematica to get the unknown parameters c l and v. Consequently, we obtain the exact solutions of Eq. (11).
Application to RKdVRLW equation
In this subsection, we will apply the Kudryashov method to obtain the exact solution of the perturbed RKdVRLW equation
First we introduce the wave variable z = B (x − vt) so that u(x, t) = U (z) into Eq. (19) to carry out the model (19) into an ODE given by
Integrating Eq. (20) once with respect to z and taking integration constant to zero yields
Balancing U zzzz with U n in Eq. (21) gives
To obtain an analytic solution, N should be an integer. This requires the use of the transformation 
So, the Kudryashov method suggests the use of the nite expansion
Thus, we have derivatives of function V in the following form: (24), and equating all the coecients of powers of G(z) to be zero, we obtain a system of nonlinear algebraic equations and by solving it, we have
where v and B could be compared to Eqs. (7), (8), and (5), respectively. Substituting Eq. (31) into Eq. (21) and inserting the result into the transformation (23), we get the exact solution of Eq. (19) as follows:
When K = ±1, we have the following 1-soliton solution:
which could be compared to the expression of the amplitude A given by Eq. (4). Remark: The exact solution (32)(33) is valid only if
Case I (n = 3)
For n = 3 Eq. (21) reduces to
Therefore, the Kudryashov method introduces thenite expansion
(36) Substituting Eq. (36) into Eq. (35), we obtain the system of algebraic equations in the form
(43) Solving these under-determined algebraic equations, we get the following results: 
When K = 1, we have the following solitary wave solution:
When K = −1, the following singular 1-soliton solution is obtained:
Remark: The exact solutions (45)(47) are valid only if
where
(48) Balancing U zzzz with U 5 in Eq. (48) gives N = 1. Thus, the Kudryashov method suggests the use of the nite expansion
(49) Substituting Eq. (49) into Eq. (48) and equating all the coecients of powers of G(z) to be zero, we obtain
(55) With the aid of Maple, we nd the special solution of the above system as
Substituting Eq. (56) into Eq. (49), we recover the exact solutions of Eq. (19) as follows:
(58) These are shock wave solution and singular solitary wave solution respectively. Remark: The exact solutions (57)(58) are valid only if
Remark: Razborova et al. [2] showed that for the perturbed RKdVRLW equation, the topological solitons would exist only for n = 3, 5 and no other value of n can be permitted for the topological soliton solutions to be valid.
Sine-cosine function method
This integration technique is another mathematical mechanism to extract soliton and other solutions to any NLPDE [10, 11] .
Overview of the method
A PDE
upon using a traveling wave variable u(x, t) = U (z), z = x−vt. If possible, integrate Eq. (60) term by term one or more times. This will reduce the order of Eq. (60). For simplicity, the integration constants can be set to zero. The solutions of the reduced ODE can be expressed in the form
or in the form
where λ, µ, and β are parameters that will be determined, µ and v are the wave number and the wave speed respectively. These assumptions give
(64) Using Eqs. (61)(64) in the reduced ODE gives a trigonometric equation in cos K (z) or sin K (z) terms. The parameters are then determined by rst balancing the exponents of each pair of cosines or sines to determine K. We next collect all coecients of the same power in cos K (z) or sin K (z), where these coecients have to vanish. This gives a system of algebraic equations among the unknowns β, λ, v and µ that will be determined. The solutions proposed in Eqs. (61) and (62) follow immediately.
Application to RKdVRLW equation
We will use the sine-cosine function method to handle the perturbed RKdVRLW equation. Using the wave transformation
and integrating the resultant equation once with respect to z and taking integration constant to zero, we have
in Eq. (66) we obtain 
(70) Using the balance method, by equating the exponents and the coecients of cos K , we get
(75) Solving the system (Eqs. (71)(75)) simultaneously, we get the solutions set
Consequently, we obtain the following singular periodic solutions:
Remark: The exact solutions (77)(78) are valid only if
Recently, a new method has been proposed by Wang et al. [18] , called the G /G-expansion method to study traveling wave solutions of nonlinear evolution equations. This useful method is developed successfully by many authors [1922] and the reference therein. The G /Gexpansion method [18] is based on the assumptions that the traveling wave solutions can be expressed by a polynomial in G /G such that G = G(z) satises a second order linear ordinary dierential equation (ODE).
Review of the algorithm
We now summarize the G /G-expansion method, established in 2011 [19] , the details of which can be found in [1822] among many others.
We assume that the given nonlinear partial dierential equation (NLPDE) for u(x, t) is in the form
where P is a polynomial. The essence of the G /Gexpansion method can be presented in the following steps:
Step-1: To nd the traveling wave solutions of Eq. (79), we introduce the wave variable 79), we obtain the following ODE:
Step-2: Eq. (81) is then integrated as long as all terms contain derivatives where integration constants are considered zero.
Step-3: Introduce the solution U (z) of Eq. (81) in the nite series form
where a l are real constants with a N = 0 and N is a positive integer to be determined. The function G(z) is the solution of the auxiliary linear ordinary dierential equation
where λ and µ are real constants to be determined.
Step-4: Determining N, can be accomplished by balancing the linear term of highest order derivatives with the highest order nonlinear term in Eq. (81).
Step-5: Substituting the general solution of (83) together with (82) into Eq. (81) yields an algebraic equation involving powers of G /G. Equating the coecients of each power of G /G to zero gives a system of algebraic equations for a l , λ, µ and v. Then, we solve the system with the aid of a computer algebra system, such as Maple, to determine these constants. Next, depending on the sign of the discriminant ∆ = λ 2 − 4µ, we obtain solutions of Eq. (81). So, we can obtain exact solutions of the given Eq. (79).
Application to RKdVRLW equation
In this subsection, we will apply the G /G-expansion method to handle the perturbed RKdVRLW equation.
Case I (n = 3)
For n = 3, Eq. (66) reduces to
Therefore, the solution of Eq. (84) can be written in the form
where G(z) satises the second-order linear ordinary differential equation
From Eqs. (85) and (86) we derive
(88) Substituting Eqs. (85)(88) into Eq. (84), collecting all terms with the same powers of G /G and setting each coecient to zero, we obtain a system of algebraic equations for a 0 , a 1 , a 2 , v, λ and µ as follows:
coe.:
With the aid of Maple, we shall nd the special solution of the above system
where a 2 , λ are arbitrary constants.
Substituting the solution set (90) into Eq. (85), the solution formula of Eq. (84) can be written as
Substituting the general solutions of second order linear ODE into Eq. (91) gives two types of traveling wave solutions.
When ∆ = λ 2 −4µ > 0, we have traveling wave solution
where C 1 and C 2 are arbitrary constants and z = x − ka 2 2 −120ψ 120c t.
As a special case, assuming C 1 = 0 and C 2 = 0 the traveling wave solution of the perturbed RKdVRLW equation can be written as
Next, assuming C 1 = 0 and C 2 = 0, then we obtain
(95) which are solitary waves and singular solitary waves, respectively.
When ∆ = λ 2 − 4µ < 0, the traveling wave solution is
where C 1 and C 2 are arbitrary constants and
Also, with the assumption C 1 = 0 and C 2 = 0, the special cases are
and when C 1 = 0, C 2 = 0 the solution of the perturbed R-KdV-RLW equation will be
and these are singular periodic solutions. Remark: The exact solutions (93)(99) are valid only if
Case II (n = 5)
For n = 5, Eq. (66) reduces to
Balancing U zzzz with U 5 in Eq. (100) gives N = 1.
Therefore, the solution of Eq. (100) can be written in the form
where G(z) satises the second-order linear ordinary differential equation 
(103) Solving these under-determined algebraic equations, we obtain the following results:
where a 1 , λ are arbitrary constants.
Substituting the solution set (104) into Eq. (101), the solution formulae of Eq. (100) can be written as
Substituting the general solutions of second order linear ODE into Eq. (105) gives two types of traveling wave solutions. When ∆ = λ 2 − 4µ > 0, traveling wave solutions are
where C 1 and C 2 are arbitrary constants and z = x − ka 4 1 −24ψ 24c t.
Next, assuming C 1 = 0 and C 2 = 0 the traveling wave solution of the perturbed RKdVRLW equation can be written as
Again, assuming C 1 = 0 and C 2 = 0, then we obtain
which are shock waves and singular solitary waves, respectively.
The special assumption C 1 = 0 and C 2 = 0, leads to the following singular periodic solutions:
and when C 1 = 0, C 2 = 0 the solution of the perturbed RKdVRLW equation will be (114) According to the exp-function method, we suppose that the wave solution can be expressed in the following form:
where c, d, p and q are positive integers which are known to be determined further, a n and k m are unknown constants. We can rewrite Eq. (115) in the following equivalent form: .
Conclusions
This paper studied the dynamics of shallow water waves, modeled by RKdVRLW equation comprehensively. There are several solutions that are retrieved from this model, when perturbation terms are taken into account. These are solitary waves, shock waves, singular periodic functions and several more. These solutions come with their respective constraint conditions that must hold for these solutions to exist. Few integration schemes are applied to this paper. The results are overwhelming.
The results of this paper are indeed immensely encouraging to pursue further studies with the model. Later the model will be studied using several numerical schemes. Additionally, stochastic perturbation terms will be taken into account that will lead to the corresponding Langevin equation that will lead to the mean free velocity of the soliton. The results of those research activities are forthcoming.
